
 

 

VECTOR CALCULUS 
Field- 

1. Scalar Field. 2f(x,y,z)= x yz  

2. Vector field. 1 2 3
ˆˆ ˆi j k+ +A=A A A  Where A1, A2, A3 are scalar in terms of x, y and z  

Differentiation of Vectors- 

  Let R(u) be a vector which depends on u and is the variation in u. so we will find the variation in R. 

  
R R(u u) R(u)

u u

D + D -
Þ =

D D
 

  Δu 0 Δu 0

R dR R(u u) R(u)
lt    lt   

u du u
® ®

D D + D -
= =

D D
 

SPACE CURUE 

 ˆˆ ˆX(u)i y(u)j z(u)k= + +  

 
dR dx dy dz ˆˆ ˆi j k
du du du du

æ ö æ ö æ ö
÷ ÷ ÷ç ç ç= + +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè ø è ø è ø

 

→ This is the differentiation wrt u if u is the function of  ‘t’ then du/dt represents the velocity of the particle 

on the curve 

→ 
2

2

d r

dt
 represents acceleration of the particle 

CONTINUITY OF THE SCALAR 

 Let ' (u)'f be the scalar function which is continuous at u. 

 If,  

u 0Lt (u u) (u)
D ®

f + D = f  

i.e. 0" Î > and 0d>  such that 

  (u u) (u)f + D - f < Î  whenever 

   u- uD < d  

  Then phi is said to be continuous at u=0 

 PARTIAL DERIVATIVE OF THE SCALAR 

  Let A = A(x,y,z) be the scalar field then 

   h 0

A A(x h,y,z) A(x,y,z)
Lt    

x h
®

¶ + -
=

¶
 

   K 0

A A(x,y K,z) A(x,y,z)
Lt    

y K
®

¶ + -
=

¶
  

   and 

   l 0

A A(x,y,z l) A(x,y,z)
Lt    

z l
®

¶ + -
=

¶
  

→ If 1 2 3
ˆˆ ˆA A i A j A k= + +

r
 where A1, A2, A3 are continuous scalar fields then we can apply the same 

formulas for A
r

  

PROPERTIES 

 (1) ( )
d da db

a b
du du du

+ = +

rrrr
 

 (2) ( )
d da db

a b b a
du du du

× = × + ×

rrr rr r
 

 (3) ( )
d da db

a b b a
du du du

´ = ´ + ´

rrr rr r
 



 

 

 (4) ( )
d d da

   a a
du du du

f
f = ´ + f

r
r r

 

  Similar properties are followed by partial derivatives (including higher order partial derivatives) 

 Note:- 
2 2t t

x y y x

¶ ¶
=

¶ ¶ ¶ ¶
 if f is continuous 

Examples 

(i)  ˆˆ ˆr (Sin t)i (Cost)j tk= + +
r

, find 

 (i) 
dr

dt

r

  (ii) 
2

2

d r

dt

r

  (iii) 
dr

dt

r

  (iv) 
2

2

d r

dt

r

 

SOLU.-  

 
dr ˆˆ ˆ(cost)i (sin t)j k
dt

= - +

r

  

 
2

2

d r ˆˆ ˆ( sin t)i (cost)j 0k
d t

= - - +

r

 

 
dr

1 1 2
dt

= + =

r

 

2

2

d r
1

dt
=

r

 

2. A particle moves along a curve whose parametric equations are x=e-t, y = 2cos3t, z=2sin3t, find (i) 

velocity (ii) acceleration at any time t 

SOLU.   ˆˆ ˆr xi yj zk= + +
r

 

  t ˆˆ ˆr (e )i (2Cos3t)j (2sin3t)k-= + +
r

 

  tdr ˆˆ ˆvelocity e i 6sin3tj 6Cos3tk
dt

-= = - - +

r

 

  
2

t

2

d r ˆˆ ˆe i 18Cos3tj 18Sin3tk
dt

-= - - -

r

 

3. Find magnitude of velocity and acceleration in (2) at t=0 

  ˆˆ ˆ(v) i 0j 6k= - - +
r

 

 Þ  v 1 36 37= + =
r

 

  
2

2

t 0

d r ˆ ˆi 18j
dt

=

æ ö÷ç ÷ = a = -ç ÷ç ÷çè ø

r

  

  21 18 325a = + =  

4. 2 3 ˆˆ ˆA 5t i tj t k= - -
r

 

 ˆ ˆB (Sin t)i (Cost)j= -
r

, find 

 
d d

(A B) ,       (A B)
dt dt

× ´
r rr r

 

SOLN.  
2 ˆA B 5t Sin t t Costj× = +

r r
 

And 



 

 

2 3

ˆˆ ˆ i               j          k    

A B  5t       t      t

 Sint  Cost      0

´ = - -

-

r r
 

3 3 2ˆˆ ˆi( t Cost) j(t Sint) k(t Sint 5t Cost)= - - + -  

Þ  2d
(A B) 10t sin t 5t cost t sin t cost

dt
× = + - +

r r
 

  29t sint 5t cost cost= + +  

Þ  2 3 2 3 2d ˆˆ ˆ(A B) i(3t Cost t Sin t) j(3t Sin t t Cost) k(t cost Sin t 10t Cost 5t Sin t)
dt

´ = - + - + + + - +
r r

 

 = 3 2 3 2 2ˆˆ ˆi(t Sin t 3t Cost) j(t Cost 3t Sin t) k(5t Sin t 9t Cost Sin t)- - + + - +  

5. ˆˆ ˆA (Sinu)i (Cosu)j uk= + +
r

 

 ˆˆ ˆB (cosu)i (sinu)j 3k= - -
r

 

 ˆˆ ˆC 2i 3j k= + -
r

 

 Find  
d

A (B C)
du

´ ´
r rr

  at u=0 

SOLU.   

ˆˆ ˆ i                  j               k    

B C  Cosu   Sinu    3  

     2            3         1

´ = - -

-

rr
 

= ˆˆ ˆi(9 Sinu) j(6 Cosu) k(3Cos 2Sinu)+ - - + +  

ˆˆ ˆ i                       j                             k    

A B C  Sinu            Cosu                       u  

 9 sinu     Cosu 6     3Cosu 2Sinu 

´ ´ =

+ - +

r rr
 

= 2 2 2 ˆˆ ˆi(3Cos u Sin u uCosu 6u) j(3SinuCosu 2Sin u uSinu 9u) k( 9Cosu 6Sinu)+ - + - + - - + - -  

2 2

d ˆˆA (B C) i( 3Sin2u 2Cos2u Cosu uSin u 6) k((9Sin u 6Cosu)
du

ˆ                                 j(3Cos u 3sin u 2Sin2u Sin u uCosu 9)

´ ´ = - + - + + + -

- - - - - -

r rr

  

At u=0 

d ˆˆ ˆ(A (B C)) 7i 6j 6k
du

´ ´ = + -
r rr

  

6. 
2 3t t

x 4t ,       y 3 6t       at t 2
2 6

= - = + - =   

 Find        
dr

dt

r

 

SOLU.    ˆ ˆr xi yj= +
r

 

   
2dr tˆ ˆ(u t)i j 6

dt 2

æ ö÷ç ÷= - + -ç ÷ç ÷çè ø

r

 

   
t 2

dr ˆ ˆ2i 4j
dt =

æ ö÷ç = +÷ç ÷÷çè ø

r

 



 

 

OPERATOR 

ˆ ˆˆ ˆ ˆ ˆi j k            OR   i j k
x y z x y z

¶ ¶ ¶ ¶ ¶ ¶
Ñ = + + + +

¶ ¶ ¶ ¶ ¶ ¶
 

 Operator- 

 1. Gradient (Scalar ® Vector) 

2. Divergence (Vector ® Scalar) 

3. Curl (Vector® Vector) 

 Þ  Rotation of the Axis – 

 Þ  Translation of the Axis – 

 Þ  Rotation and Translation –           

INVARIANCE- 

No change in the quantity under rotation or translation is called invariance 

Let T be the temperature at point P(x,y,z) in frame of reference xyz and T’ be temperature at P(x’, y’, z’)in frame 

of reference x’ y’ z’ 

T (x,y,z) = T (x’,y’,z’)  

x’ = l11 x + m12 y + n13 z 

y’ = l21 x + l22 y + n23 z 

z’ = l31 x + m32 y + n33 z 

Note:  

1. Gradient, divergence and curve is invariant under rotation, translation and rotation with translation 

2. Laplacian operator is also invariant under rotation, translation and rotation with translation.  

GRADIENT 

Let f be the differentiable scalar function then grad is defined as, 

ˆˆ ˆi j k
x y z

¶ f ¶ f ¶ f
Ñf = + +

¶ ¶ ¶
 

 (eg) find gradient of 2 3xy zf =  at (1, 2, -1). 

 SOLU.  2 3 3 2 2ˆˆ ˆi(y z ) j(2xyz ) k(3xy z )Ñf = + +  

   ( )(1,2, 1)
ˆˆ ˆi(4.( 1)) j( 4) k(3.4)

-
Ñf = - + - +  

     ˆˆ ˆ4i 4j 12k= - - +  

 DIRECTIONAL DERIVATIVE OF f ALONG â - 

Let â  be a unit vector and f  be any differentiable scalar field then directional derivative of f  along â  is defined 

as  

[ ]ˆ ˆa a.Ñf × = Ñf  

Gradient is Normal to Level Surface (Physical Significance of Ñ ) 

 ˆˆ ˆPQ OQ OP                      xi yj zk= - = ¶ + ¶ + ¶
uur uur uur

  

 As  Q P,   x, y, z 0® ¶ ¶ ¶ ®  

  x, δy, δz  dx, dy, dzÞ d ®  

  ˆˆ ˆdr dxi dyj dzk= + +
r

 

  drÞ Ñf ×
r

 

 ˆ ˆˆ ˆ ˆ ˆi j k        (dxi dyj dzk)
x y z

æ ö¶ f ¶ f ¶ f ÷ç= + + ÷ + +ç ÷ç ÷¶ ¶ ¶è ø
g  

 dx dy dz
x y z

¶ f ¶ f ¶ f
= + +

¶ ¶ ¶
 



 

 

 df                                                   ( (x,y,z) c)= \ f =  

= 0 

 Þ      It proves that tangent at level surface is perpendicular Ñf  

 (eg) 2 3 2(x,y,z) 3x y y zf = - , find grad f  at (1,2,-1) 

 SOLU.   

  2 2 2 3 2ˆˆ ˆi(6xy) j(3x 3y z ) k( 2y z )Ñf = + - + -  

  ( )
(1, 2, 1)

ˆˆ ˆ12i j(3 12) k( 16)
- -

Ñf = - + - + -  

    ˆˆ ˆ12i 9j 16k= - - -  

(eg)  log rf = find Ñf  

SOLU.  ( )i log r
x

¶
Ñf = Î

¶
 

  
1 r 1 r

i i
r x r x

æ ö æ ö¶ ÷ ÷ç çÎ × = Î ×÷ ÷ç ç÷ ÷ç çè ø è ø¶
  

   
2 2

ix r

r r

Î
=

r

  

(eg) find 
1

r

æ ö÷çÑ ÷ç ÷çè ø
  

SOLU.  

  
2

1 1 x
i       =     i

x r rr

æ ö é ù¶ -÷ç ê úÎ Î ×÷ç ÷ç ê úè ø¶ ë û
  

    
3

r

r

-
=

r

 

(eg)  find nrÑ  

SOLU.  n 1 n-2x
i nr            nr r

r
-

æ ö
÷çÎ  = ×÷ç ÷çè ø

r
 

(eg)  let R be the distance from the fixed point A(a,b,c) to any point P(x,y,z) find grad R 

SOLU.  
2 2 2R (x a) (y b) (z c)= - + - + -   

  
2 2 2 2 2 2 2 2 2

ˆˆ ˆ(x a)i (y b)j (z c)k
R

(x a) (y b) (z c) (x a) (y b) (z c) (x a) (y b) (z c)

- - -
Ñ = + +

- + - + - - + - + - - + - + -
  

     
R

R
R

Ñ =

r

   

MAXIMUM DIRECTIONAL DERVIATIVE- 
Maximum directional derivative from point P(x,y,z) is modulus of grad at (z,y,z) 

 ( )
x ,y ,z

M.D.D é ùÞ = Ñfê úë û
 

(eg) find directional derivatives of 2 2x yz yxzf = +  at (1,-2,-1) in the direction of ˆˆ ˆ2i j 2k- -    

SOLU.   2 2 2ˆˆ ˆi(2xyz 4z ) j(x z) k(x y 8xz)Ñf = + + + +   

  ( )
P

ˆˆ ˆ8i j 10kÑf = - -   

  
ˆ ˆˆ ˆ ˆ ˆ2i j 2k 2i j 2k

â              
34 1 4

- - - -
= =

+ +
  



 

 

  
P

16 1 20
ˆ( ) a              37 /3

3

é ù+ +
ê úÑf × =  =   
ê úë û

  

(eg) In what direction from P(2,1,-1) is the directional derivative of 2 3x yzf =   is maximum? 

SOLU. DD is maximum in direction of Ñf   

  3 2 3 2 2ˆˆ ˆi(2xyz ) j(x z ) k(3x yz )Ñf = + +   

  P
ˆˆ ˆ( ) 4i 4j 12kÑf = - - +   

( )
P

16 16 144Ñf = + +   

144 32                   176+ =     

ANGLE B/W TWO SURFACES – 

1 P 2 P

1 P 2 P

( ) ( )
cos

( ) ( )

Ñf ×Ñf
q=

Ñf × Ñf
  

 (eg) find the angle b/w the surfaces 2 2 2x y z 9+ + =   and 2 2z x y 3= + -  at (2,-1,2) 

 SOLU. Let  2 2 2
1 x y z 9f = + + -  and , 

 2 2
2 z x y 3f = - + + -  

  Þ  ( )1
ˆˆ ˆi(2x) j(2y) k(2z)Ñf = + +  

   ( )1 P
ˆˆ ˆ4i 2j 4kÑf = - +  

   ( )1 P
16 4 1 21Ñf = + + =  

  Þ   ( )2
ˆˆ ˆi(2x) j(2y) kÑf = + -  

   ( )2 P
ˆˆ ˆ4i 2j kÑf = - -  

   ( )2 P
16 4 1 21Ñf = + + =  

  Þ  
16 4 4 16 8

cos                         
6. 21 6. 21 3. 21

+ -
q=  =  =    

   
8

      Cos      
3. 21

- 1
æ ö÷çq =  ÷ç ÷÷çè ø

 

 Equation for Tangent Plane at Given Sore - 

   [ ]0(r r ) N 0- × =   

    Or 

   0(r r ) 0é ù- ×Ñf =ë û
r r

 

 DIVERGENCE – 
   Source   Sink   Incompressible/Solnoidal 
   ( u 0)Ñ × >   ( u 0)Ñ × <    ( u 0)Ñ × =  

 Let v be the differentiable vector field st. 1 2 3
ˆˆ ˆv v i v j v k= + +

r
  where v1, v2, v3are differentiable scalar fields. 

 1 2 3
ˆ ˆˆ ˆ ˆ ˆv i j k (v i v j v k)

x y z

æ ö¶ ¶ ¶ ÷çÑ × = + + ÷× + +ç ÷ç ÷¶ ¶ ¶è ø

r
  

  31 2 vv v

x y z

¶¶ ¶
= + +

¶ ¶ ¶
  

 (eg) 2 3 3 2 ˆˆ ˆA x zi 2y z j xy zk= - +
r

 find div. A
r

 at (1,-1,1) 



 

 

 SOLU. 2 3 2A 2xz 6y z xyÑ × = - +
r

  

  ( )
(1, 1,1)

A 2 6 1
-

Ñ × = - +
r

 

   = - 3 

 Properties of Gradient- 
 (1) (F G) F GÑ + = Ñ + Ñ   

 Proof (F G)Ñ +   

  ˆˆ ˆi j k (F G)
x y z

æ ö¶ ¶ ¶ ÷ç= + + ÷ +ç ÷ç ÷¶ ¶ ¶è ø
  

  ˆˆ ˆi (F G) j (F G) k (F G)
x y z

¶ ¶ ¶
= + + + + +

¶ ¶ ¶
  

   

 

  
F G F G F Gˆˆ ˆi j k
x x y y z z

æ öæ ö æ ö¶ ¶ ¶ ¶ ¶ ¶÷÷ ÷çç ç= + + + ÷+ +÷ ÷çç ç÷÷ ÷ç ç ç÷è ø è ø¶ ¶ ¶ ¶ ¶ ¶è ø
  

  
F F F G G Gˆ ˆˆ ˆ ˆ ˆi j k i j k
x y z x y z

æ ö æ ö¶ ¶ ¶ ¶ ¶ ¶÷ ÷ç ç= + + ÷+ + + ÷ç ç÷ ÷ç ç÷ ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø
 

  F G= Ñ + Ñ  

 (2) (FG) F G G FÑ = Ñ + Ñ   

 Proof.  (FG)Ñ  

   ˆˆ ˆi j k (FG)
x y z

æ ö¶ ¶ ¶ ÷ç= + + ÷ç ÷ç ÷¶ ¶ ¶è ø
  

   ˆˆ ˆi (FG) j (FG) k (FG)
x y z

¶ ¶ ¶
= + +

¶ ¶ ¶
 

   
F G G F F Gˆˆ ˆi G F j F G k G F
x x y y z z

æ öæ ö æ ö¶ ¶ ¶ ¶ ¶ ¶÷÷ ÷çç ç= + + + ÷+ +÷ ÷çç ç÷÷ ÷ç ç ç÷è ø è ø¶ ¶ ¶ ¶ ¶ ¶è ø
 

   
F F F G G Gˆ ˆˆ ˆ ˆ ˆi j k G F i j k
x y z x y z

æ ö æ ö¶ ¶ ¶ ¶ ¶ ¶÷ ÷ç ç= + + ÷ + + + ÷ç ç÷ ÷ç ç÷ ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø
 

   F G G F= Ñ + Ñ  

 Laplacian Operator-  

   
2 2 2

2

2 2 2x y z

¶ ¶ ¶
Ñ = + +

¶ ¶ ¶
  

   
2 2 2

2

2 2 2x y z

¶ f ¶ f ¶ f
Ñ f = + +

¶ ¶ ¶
 

   ˆ ˆˆ ˆ ˆ ˆi j k i j k
x y z x y z

æ ö æ ö¶ ¶ ¶ ¶ f ¶ f ¶ f÷ ÷ç ç= + + ÷× + + ÷ç ç÷ ÷ç ç÷ ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø
 

   = Ñ ×Ñf  

 Laplacian Equation – 

   2 0             is called harmonicÑ f = f   

 (eg)  2 1

r

æ ö
÷çÑ ÷ç ÷çè ø

  



 

 

 SOLU.  2 1 1

r r

æ ö æ ö
÷ ÷ç çÑ = Ñ ×Ñ÷ ÷ç ç÷ ÷ç çè ø è ø

 

   
2 3

1 1 x r
i

r rr r

æ ö æ ö-÷ ÷ç çÑ = Î × = -÷ ÷ç ç÷ ÷ç çè ø è ø

r

 

   
2 4

ˆ1 i 3 x
i r

r rr r

é ùæ ö÷ ê úçÑ ×Ñ = - Î -÷ç ÷ ê úçè ø ë û

r
  

    
2

3 5

3 r
3 0

r r
= - + =  

 Properties-  

 (1)  div(A B) divA divB+ = +
r rr r

  

 (2) div( A) ( ) A ( ) Bf = Ñf × + Ñf ×
r r r

 

 Proof- 

 (1) div(A B) (A B)+ = Ñ × +
r rr r

 

  Let 1 2 3
ˆˆ ˆA A i A j A k= + +

r
 and 1 2 3

ˆˆ ˆB B i B j B k= + +
r

 

  1 1 2 2 3 3
ˆˆ ˆA B (A B )i (A B )j (A B )k+ = + + + + +

r r
  

  ( ) { }1 1 2 2 3 3

ˆˆ ˆi j k ˆˆ ˆA B (A B )i (A B )j (A B )k
x y z

æ ö¶ ¶ ¶ ÷ç ÷çÑ × + = + + × + + + + +÷ç ÷÷ç¶ ¶ ¶è ø

r r
 

  1 1 2 2 3 3(A B ) (A B ) (A B )
x y z

é ùé ù é ù¶ ¶ ¶
ê úê ú ê ú= + + + + +
ê úê ú ê ú¶ ¶ ¶ë û ë ûë û

 

  3 31 2 1 2A BA A B B

x y z x y z

æ ö æ ö¶ ¶¶ ¶ ¶ ¶÷ ÷ç ç= + + ÷+ + + ÷ç ç÷ ÷ç ç÷ ÷¶ ¶ ¶ ¶ ¶ ¶è ø è ø
 

  1 2 3 1 2 3

ˆ ˆˆ ˆ ˆ ˆi j k i j kˆ ˆˆ ˆ ˆ ˆ(A i A j A k) (B i B j B k)
x y z x y z

æ ö æ ö¶ ¶ ¶ ¶ ¶ ¶÷ ÷ç ç÷ ÷ç ç= + + × + + + + + × + +÷ ÷ç ç÷ ÷÷ ÷ç ç¶ ¶ ¶ ¶ ¶ ¶è ø è ø
 

  A B= Ñ × + Ñ ×
r r

 

(2) Similar Proof 

Physical significance of Divergence- 
Let P represents the position of a particle during its venation in a field with velocity let 

1 2 3
ˆˆ ˆv v i v j v k= + +

r
  where v1 is velocity in the direction of x-axis and v2 and v3 represents velocities of 

particle in direction y and z axes respectively. 

 Þ   Now, component of velocity at centre about phase ABCD 

  1
1

v1
v x y z

2 x

æ ö¶ ÷ç= - d d d÷ç ÷÷çè ø¶
  

 Þ  Volume in the x-direction about EFGH 

  1
1

v1
v x y z

2 x

æ ö¶ ÷ç= + d d d÷ç ÷÷çè ø¶
 

 Þ  So, total gain per unit time per unit volume is given by  

  1 1
1 1

v v1 1
v x v x y z

2 x 2 x

é ùæ ö æ ö¶ ¶÷ ÷ç çê ú= + d - - d d d÷ ÷ç ç÷ ÷÷ ÷ç çê úè ø è ø¶ ¶ë û
 

  1v
x y z

x

¶
= ×d d d

¶
 



 

 

 Þ  similarly gain along y and z axes are 2v
x y z

y

¶
×d d d

¶
 and 3v

x y z
z

¶
×d d d

¶
 

 Þ  So, total gain per nit time per unit volume will be, 

  31 2 vv v
x y z

x y z

æ ö¶¶ ¶ ÷ç + + ÷d d dç ÷ç ÷¶ ¶ ¶è ø
 

 Þ  So, total gain per unit time will be, 

  31 2 vv v

x y z

¶¶ ¶
+ +

¶ ¶ ¶
 

  (At the cube shrinks to point P. So, x, y, z 0d d d ®  

  31 2 vv v

x y z

¶¶ ¶
+ +

¶ ¶ ¶
 

  v= Ñ ×
r

 

 Note:  

1. If v 0Ñ × >
r

 , point P works as a source. The fluid flows outside the fluid is EXPANDIBLE. In this case, 

density decreases at P.  

2. If v 0Ñ × <
r

, point P works as a sink. The fluid is COMPRESSIBLE. (density increases at P). 

3. If v 0Ñ × =
r

, P works neither as source nor as sink. This equation is called CONTINUITY EQUATION 

OF INCOMPRESSIBLE FLUID. And such v
r

 is called solenoidal vector. 

 

CURL 

 
Let v

r
be the differentiable vector field then curl v

r
 is defined as 

 

1 2 3

ˆˆ ˆi                j             k

v / x   / y    / z

v            v            v

Ñ × = ¶ ¶ ¶ ¶ ¶ ¶
r

  

 Where 1 2 3
ˆˆ ˆv v i v j v k= + +

r
  

Þ  NOTE: 

   f× =0∇ ∇   

PROOF: ˆˆ ˆ× = i j k
x y z

æ ö¶ f ¶ f ¶ f ÷çf Ñ´ + + ÷ç ÷ç ÷¶ ¶ ¶è ø
∇ ∇  

  

ˆˆ ˆi                    j                  k

/ x         / y       / z

/ x       / x       / x

= ¶ ¶ ¶ ¶ ¶ ¶

¶ f ¶ ¶ f ¶ ¶ f ¶

  

  

2 2 2 2 2 2

ˆˆ ˆi j k
y z z y x z z x x y y x

æ ö æ ö æ ö¶ f ¶ f ¶ f ¶ f ¶ f ¶ f÷ ÷ ÷ç ç ç÷ ÷ ÷= - - - + -ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶è ø è ø è ø
 

  = 0 

If for any vector field F
r

 curl F 0=
r

then we will always find a scalar field f such that  

F = Ñf
r

 and such f  is called SCALAR POTENTIAL. 

PHYSICAL SINGNIFICANCE OF CURL – 

At point P, we find the curl F
r

. 

 1. Curl F=0
r

– No rotation at point P such a field is called IRROTATIONAL FIELD. 



 

 

2. Curl ¹F 0
r

- At point P, the liquid rotates. If in any magnetic field F
r

inside the capacitor, curl F 0=
r

and 

outside the capacitor curl F 0¹
r

the current density increases and current works as d.c.  

PROPERTIES 

1. Curl Curl (A B) Curl A  Curl B+ = +
r rr r

  

 LHS. (A B)= Ñ´ +
r r

  

  
A B

i (A B)     i
x x x

æ ö¶ ¶ ¶ ÷ç ÷ç= Î ´ +  =        Î ´ + ÷ç ÷÷ç¶ ¶ ¶è ø

r r
r r

 

  
A B

i i
x x

¶ ¶
= Î ´ + Î ´

¶ ¶

r r

 

  A B RHS= Ñ´ + Ñ´ =
r r

  

2. ( v) 0Ñ × Ñ´ =
r

 

 Let 1 2 3
ˆˆ ˆv v i v j v k= + +

r
  

 

1 2 3

ˆˆ ˆi                j             k

v / x   / y    / z

v            v            v

Ñ´ = ¶ ¶ ¶ ¶ ¶ ¶
r

 

 3 32 1 2 1v vv v v vˆˆ ˆi j k
y z x z x y

æ ö æ öæ ö¶ ¶¶ ¶ ¶ ¶÷ ÷÷ç çç= - ÷- - + - ÷÷ç çç÷ ÷÷÷ç çç÷ ÷è ø¶ ¶ ¶ ¶ ¶ ¶è ø è ø
 

 3 32 1 2 1v vv v v v
( v)

x y z y x z z x y

æ ö æ öæ ö¶ ¶¶ ¶ ¶ ¶¶ ¶ ¶÷ ÷÷ç ççÑ ×Ñ´ = - ÷- - + - ÷÷ç çç÷ ÷÷÷ç çç÷ ÷è ø¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶è ø è ø

r
 

 
2 22 2 2 2

3 32 1 2 1v vv v v v

x y x z y x y z x z y z

¶ ¶¶ ¶ ¶ ¶
= - + - + -

¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶
 

 = 0 

3. (a b) ( a) b ( b) aÑ × ´ = Ñ´ × - Ñ´ ×
r r rr r r

  

DIRECTIONAL DERIVATIVE OF A SCAALAR FUNCTION : 

Along any line whose de’s are l, m, n 

  Let f be the differentiable scalar function then directional derivatives is given by,  

  PQ 0

d (Q) (P)
Lt exist

dr PQ
®

f f - f
=   

  r 0

(x',y ',z') (x,y,z)
Lt .......................(1)

r
®

f - f
=   

 Equation of line PQ is given by, 

 
x' x y ' y z' z

r
l m n

- - -
= = =   

Þ  x’ = x+ lr, y’ = y + mr, z’ = z + nr   

Þ  r 0

d (x lr,y mr,z nr) (x,y,z)
Lt

dr r
®

f f + + + - f
=    

 Using Taylor’s expansion, 

r 0

(x,y,z) lr mr nr (x,y,z)
d x y z

Lt
dr r

®

¶ f ¶ f ¶ f
f + + + - f

f ¶ ¶ ¶
=   

 r 0Lt         l m n
x y z

®

¶ f ¶ f ¶ f
= + +

¶ ¶ ¶
 



 

 

     l m n
x y z

¶ f ¶ f ¶ f
= + +

¶ ¶ ¶
 

 ˆˆ ˆ    (li mj nk)= Ñf × + +  

 
2 2 2

ˆˆ ˆ(ai bj ck)
            (a,b,c,d are dr's)

a b c

Ñf × + +
=

+ +
 

 ˆ    a.........................(2)= Ñf ×  

NOTE: 

1. D.D along x-axis- We know that dc’s x-axis are so from (2)  

 f   D.D
x

¶ f
=

¶
  

2. D.D along y-axis-  is 
y

¶ f

¶
 and along z-axis is 

z

¶ f

¶
  

Þ   Snow that the maximum directional derivatives of f  (i.e) the maxi. rate of change of f ) along the 

direction of Ñf . 

 Let n̂  be a unit vector normal to surface f . We know that Ñf  is also normal to the surface so n̂  will be 

parallel to Ñf  

Þ  ˆAn......................(1)Ñf =  

 We have D.D along unit vector n̂   

 
d

n̂
dn

f
= Ñf ×  

 ˆ ˆAn n= ×  

 = A 

Þ  
d

n̂
dn

f
Ñf = ×  

d
n̂ cos

dn

f
= q  

d

dn

f
=  

This quantity will be maxi. when cos q  is maximum (i.e. 0q=  ). Hence, maximum directional derivative 

is along Ñf and its value is Ñf . 

 Þ  Ñf  is invariant under rotation of rectangular axes. 

  We know that , 

  ˆ ˆˆ ˆ ˆ ˆr (r.i)i ' (r.j)j' (r.k)k'= + +
r

  

  ˆˆ ˆi ', j',k ' are unit vectors wrt. x’, y’, z’ axes respectively after rotation 

  Let f  be the scalar field and ˆˆ ˆi, j,k  are unit vectors along x,y,z axis respectively so, we have 

  ˆˆ ˆi j k ........................(1)
x y z

¶ f ¶ f ¶ f
Ñf = + +

¶ ¶ ¶
 

Rotate the axes about O and we find another frame of reference x’, y’, z’ and let i’, j’, k’ are unit vectors 

along x’, y’ and z’ respectively. 

So D.D along x’ is given by = î'.Ñf  

ˆDD along y' is  j'. = Ñf   

ˆDD along z' is  k'. = Ñf  



 

 

So grad’ ˆ ˆˆ ˆ ˆ ˆi '(i '. ) j'( j'. ) k '(k'. )f = Ñf + Ñf + Ñf   

ˆ ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆi ' i ' i j k j' j' i j k k ' k ' i j k
x y z x y z x y z

é ù é ù é ùæ ö æ ö æ ö¶ f ¶ f ¶ f ¶ f ¶ f ¶ f ¶ f ¶ f ¶ f÷ ÷ ÷ç ç çê ú ê ú ê ú= × + + ÷ + × + + ÷ + × + + ÷ç ç ç÷ ÷ ÷ê ú ê ú ê úç ç ç÷ ÷ ÷¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶è ø è ø è øë û ë û ë û
 

{ }ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆi '(i '.i) j'( j'.j) k '(k '.k)
x

¶ f
= Î + +

¶
  

î
x

¶ f
= Î

¶
 

ˆˆ ˆi j k
x y z

ì üï ï¶ f ¶ f ¶ fï ï= + +í ý
ï ï¶ ¶ ¶ï ïî þ

 

= Ñf  

grad     grad'Þ    f = f  

LINE INTEGRAL 

  2 2 2ds dx dy= +   

  In 3-D,  

  2 2 2 2ds dx dy dz= + +  

  
2 2 2ds dx dy dz= + +  

  

2 2 2
ds dx dy dz

dt dt dt dt

dS
  v(t)

dt

é ù
æ ö æ ö æ öê ú÷ ÷ ÷ç ç ç= + +÷ ÷ ÷ê úç ç ç÷ ÷ ÷ç ç çè ø è ø è øê ú

ê ú
ê ú
ê ú=
ê úë û

 v(t) is velocity of particle 

LINE INTEGRAL 

1. over the function 

2. over the vector field. 

Þ   Let f(x,y,z) be a continuous function and c be any smooth curve. Let a particle moves along the curve 

from A’ to B’ then find work done by the particle over the function on the curve c. Let curve c be divided 

in n-sub arcs and let one sub-arc is siÑ   long. 

 
n

n
i 1

S f(x,y,z) si
=

= Ñå     (as n , si 0® ¥ Ñ ® ) 

 n n 

c

Let   S f(x,y,z)ds
® ¥

= ò   

 

c

I f(x,y,z)ds......................(1)= ò   

 If c be any closed curve then I F(x,y,z)ds= òÑ  is called CIRCULATION of the function over curve c. 

 

c

ds
I f(x,y,z) .dt

dt
= ò   

Þ  

c

I f(x,y,z)  v(t)   dt.........................(2)= ò  

Þ  If ˆˆ ˆr g(t)i k(t)j h(t)k= + +   

 [ ]
c

I f g(t),k(t),h(t)      v(t)  dt= ò  



 

 

Þ  If ˆˆ ˆr xi yj zk= + +   

 

c

I f(x(t),y(t),z(t))     v(t)   dt= ò   

 

 

(e.g.) 

v

I (x y)ds,= +ò   c is straight line segment x = t, y = 1-t, z = 0 from (0,1,0) to (1,0,0) 

SOLU. ˆˆ ˆr xi yj zk= + +
r

  

 ˆ ˆr ti (1 t)j= + -
r

 

 
dr ˆ ˆi j
dt

= -

r

  

dr
v(t) 2

dt
= =

r

  

Þ  

1

c c

(x y)  ds      (t 1 t). 2  dt    2+ = + -  =  ò ò  

(e.g.) 

c

(x y z z)ds- + -ò  where c is a straight line x = t, y = 1-t, z = 1 from (0,1,1) to (1,0,1) 

SOLU. ˆˆ ˆr ti (1 t)j k= + - +
r

 

 
dr ˆ ˆi j        v(t) 2
dt

= - =

r

  

Þ  

1

c 0

(x y z z)ds            (t 1 t 1 2) 2 dt- + - = - + + -ò ò  

1

c

  (2t 2) 2 dt= -ò  

2 1

0

t 1
2 2 t 2 2 1

2 2

é ù æ ö÷çê ú= - = - ÷ç ÷çê ú è øë û
  

   2= -   

(e.g.) 

c

(xy y z)ds + +ò along the curve 

 ˆˆ ˆr 2ti tj (2 2t)k= + + -  from t = 0 to 1. 

SOLU. 
dr ˆˆ ˆ2i j 2k
dt

= + -

r

  

 v(t) 4 4 1 3= + + =   

 
2

1

c 0

(xy y z)ds         (2t t 2 2t)( 3 ) dt  + + =   + + -ò ò  

 
2

0

1

 3 (2t t 2) dt=   - +ò  



 

 

 
3 2 1

0

2t t
 3 2t

3 2

é ù
ê ú=   - +
ê ú
ë û

 

 
2 1 2 3

 3 2 3 13/2
3 2 3 2

é ù é ù
ê ú ê ú=   - + = + =
ê ú ê úë û ë û

 

(e.g) find the integration over f(x,y)=x3/y where c: 
2x

y
2

=  and x lies b/w o to 2 

SOLU. 

c c

ds
f(x,y)ds         f(x,y)  dx 

dx
=   ò ò  

 

2
ds dy

1
dx dx

æ ö÷ç= + ÷ç ÷çè ø
    (y = x2/2) 

 21 x= +   

 So, 
3

2

2

c 0

x
f(x,y)ds         1 x dx 

y
=   +ò ò  

   
3

2

2

2

0

2x
  1 x dx 

x
=   +ò  

   
2

2

0

  2x 1 x dx =   +ò  

   ( )
2

  5 5 1
3

=   -  

(e.g.) 2F(x,y) x y= -  c: 2 2x y 4+ =  in 1st quad. From (0,2) to ( 2, 2)   

SOLU. x = 2cosθ y = 2sinθ 

 
ds

2
dt

=   

  
2

π/4

π/2

  (4cos 2sin )2d  =   q- q qò  

  

π/4 π/4

π/2 π/2

  2 2(1 cos2 )d 4 sin d=   + q q- q qò ò  

  ( )π 2(1 2)= - - +   

  2(1 2) π= + -  

 Line Integration over the Vector Field- 

 Þ  

c

W F.Tds= ò
r

  

  

c

W F.dr= ò
r r

 

 Þ  If r
r

  be any general vector 

  ˆˆ ˆr g(t)i h(t)j w(t)k= + +
r

 

  a t b£ £   

  ˆˆ ˆdr g'(t)i h'(t)j w'(t)k= + +
r

 



 

 

 Þ  { }
b

a

ˆˆ ˆW F. g'(t)i h'(t)j w'(t)k .dt= + +ò
r

  

  { }
b

a

W F. Mg'(t) Nh'(t) Lw'(t) .dt .......................(1)
é ù
ê ú= + +ê ú
ê úë û

ò
r

 

 Þ  If r
r

  be any position vector, ˆˆ ˆr xi yj zk= + +
r

  

  ˆˆ ˆdr (dx)i (dy)j (dz)k= + +
r

  

  

c c

W F.dr Mdx Ndy Ldz) .....................(2)
é ù
ê ú= = + +ê ú
ê úë û

ò ò
r r

 

 Þ  If r
r

 be any general vector ˆˆ ˆr g(x)i h(x)j wk= + +
r

 

   ˆˆ ˆdr (dg)i (dh)j (dw)k= + +
r

 

 Þ  

c

F.dr Mdg Ndh Ldw= + +ò
r r

 

 Þ  If d is any closed curve then work done is called circulation  

  W F.dré ù=ê úë ûò
r r

Ñ  

(e.g) Let 2 2 2 ˆˆ ˆF x i y zj z k= + +
r

 be the vector field. Find work done along the curve x = cost, y = ysint. 

0 t π /2,   z t£ £ =   

SOLU. ˆˆ ˆr costi sintj tk= + +
r

 

 ˆ ˆdr sin ti costj k= - + +
r

 

 2 2 2

/2

c 0

F.dr ( cos t sin t sin t cost t )dt

p

= - + +ò ò
r r

 

                                   

                                        Path Independent 
Any work done from A to B does not depend on the path followed and depends only A and B, such work 

done is called path independent and such field is called CONSERVATIVE FIELD. 

Theorem- If 

c

W F.dr= ò
r r

  is path independent iff F = Ñf
r

 (such f is called scalar potential) 

Proof- Let F grad= f
r

 

Now, we will prove that is path independent i.e. we will show that the integral depends only on initial and 

final points. 

  

B B B

A A A

F dr dr d× = Ñf × = fò ò ò
r r r

  

  = (B) (A)f - f   

  Hence, it is path independent CONVERSELY, 

  Let 

C

W F dr= ×ò
r r

 is path independent 

Let 

(x',y',z')

(x,y ,z)

(x,y,z) F drf = ×ò
r r

  



 

 

C

dr
  F  ds

ds

æ ö
÷çf = × ÷ç ÷÷çè øò

rr
  

d dr
F ..........................(1)

ds ds

f
= ×

rr
  

We know that 

 .dr dÑf = f
r

  

 
dr d

....................(2)
ds ds

f
Ñf × =

r

 

From (1) and (2)  

 
dr dr

F .
ds ds

× = Ñf

r rr
  

 
dr

(F ) 0
ds

- Ñf × =

rr
   

dr
0,tangent along as

ds

æ ö÷ç ¹ ÷ç ÷÷çè ø

r

  

 F 0- Ñf =
r

  

 Fé ù= Ñfê úë û

r
 

THEOREM(2)- 

 Let D is closed connected domain then 

C

F.drò
r r

Ñ  is path independent iff 

C

F.dr 0=ò
r r

Ñ  

Proof: Let 

C

W F.dr= ò
r r

Ñ  is path independent i.e. 

C

F.drò
r r

Ñ  depends only on A and B and not on path followed i.e. 

f   (scalar potential) such that 

 F = Ñf
r

 

Þ   

C C

W F.dr .dr= = Ñfò ò
r r r

Ñ Ñ  

 

A

A

d= fò  

 (A) (A) 0= f - f =   

Conversely, 

Let 

C

F.dr 0=ò
r r

Ñ  we will prove that 

C

F.drò
r r

Ñ is path independent 

Þ  

C

F.dr 0=ò
r r

Ñ  

 

ACBDA

F.dr 0=ò
r r

Ñ  

 

ACB BDA

F.dr F.dr 0+ =ò ò
r rr r

 

 

ACB ADB

F.dr F.dr 0- =ò ò
r rr r

 

 

ACB ADB

F.dr F.dr=ò ò
r rr r

 

 

1 2P P

F.dr F.dr
é ù
ê ú=ê ú
ê úë û
ò ò

r rr r
 

Which proves that work done is independent of path followed. 



 

 

THEOREM (3): 

 

C

F.drò
r r

 is path independent for any c (either closed or open) iff curl F 0=
r

  

Proof: if W F.dr= ò
r r

is path independent, and f st. 

 F = Ñf
r

 

Þ   F ( ) 0Ñ´ = Ñ´ Ñf =
r

 

Conversely, 

 If F 0 and stÑ´ = f
r

 

 F = Ñf
r

 

So by theorem (1) 

 

C

F.drò
r r

 is path independent 

Exact Differential form:- 

Let ˆˆ ˆF M(x,y,z)i N(x,y,z)j P(x,y,z)k= + +
r

 be differentialable vector field. It is called differential 

(Mdx+Ndy+Pdz) form if s.t. 

fdx fdy fdz
F

x y z

¶ ¶ ¶
= + +

¶ ¶ ¶
  

           F dfé ùÞ =ê úë û

r
 

 Þ  If F
r

 has exact differential equation then 

  F 0é ùÑ´ =ê úë û

r
 and such F

r
 is called conservative field. 

Green Theorem on the Plane 

Let 

C

F.drò
r r

 is not path independent i.e. F
r

 is not associated by conservative field then green’s theorem goes from 

line integral to double integral. 

Mathematical Condition: 

1. CONTINUTIY OF M and N ( )ˆ ˆF Mi Nj= + -
r

  

 M(x,y) M and N N(x,y)= =  

 M ,N and their first order partial derivatives (i.e. Mx, My, Nx, Ny) are all continuous 

2. Condition on C – C is simple closed curve piecewise smooth. 

k̂ - Component of Curl F
r

- 

 Let ˆ ˆF Mi Nj= +
r

  

 

ˆˆ ˆ   i                 j                  k  

F / x      / y       / z

M                N               O

é ù
ê ú
ê úÑ´ = ¶ ¶ ¶ ¶ ¶ ¶ê ú
ê ú
ê úë û

r
  

 
N M

k̂
x y

æ ö¶ ¶ ÷ç= - ÷ç ÷ç ÷¶ ¶è ø
  

 ( )
N MˆF k
x y

¶ ¶
Ñ´ × = -

¶ ¶

r
 

Þ   
M N

F
x y

¶ ¶
Ñ × = +

¶ ¶

r
 



 

 

Outward Flux of B-  

W= circulation or work done 

C

F.dr..........................(1)= ò
r r

 

 

C

dr
F. ds

ds

æ ö÷ç= ÷ç ÷÷çè øò
rr

 

 

C

F.T ds= ò
r

 

 [ ]ˆT K n= ´   

 

C

ˆW F.(k n)ds= ´ò
r

  

 

C C

ˆW (F k).nds B.n ds= ´ =ò ò
r

 

 

C C

ˆB.n ds Mdy Ndx= -ò ò  

 n̂  Outward flux of B 

GREEN’S THEOREM 

1. Out ward Flux of F
r

  

    

C C

ˆF.nds Mdy Ndx= -ò ò
r

Ñ Ñ   

    

R

N M
dxdy

y x

æ ö¶ ¶ ÷ç= + ÷ç ÷ç ÷¶ ¶è ø
òò   

    ( )
R

F dxdy= Ñ ×òò
r

 

 2. Circulation of F
r

 

    

C

Mdx Ndy+òÑ  

    

R

N M
dxdy

x y

æ ö¶ ¶ ÷ç= - ÷ç ÷ç ÷¶ ¶è ø
òò  

    ( )
R

ˆF k dxdy= Ñ´ ×òò
r

 

 Proof:-  always used for anticlockwise direction… 

  

2

1

y f (x)b

a y f (x)

M
    dy dx

y

=

=

æ ö¶ ÷ç= ÷ç ÷ç ÷¶è ø
ò ò  

  [ ] 2

1

y f (x)

y f (x)

b

a

    M(x,y) dx
=

=
= ò  

  { }2 1

b

a

    M(x,f ) M(x,f ) dx= -ò  

  
1 2

b b

a a

 M(x,f )  M(x,f )dx= - +ò ò  

  2 1

a b

b a

 M(x,f )  M(x,f )  dx= - -ò ò  



 

 

  

1 2C C

Mdx Mdx
é ù
ê ú= - +ê ú
ê úë û
ò ò  

  

c

Mdx= - òÑ  

  So, 

c R

M
Mdx dy dx........................(1)

y

æ ö¶ ÷ç= - ÷ç ÷ç ÷¶è ø
ò òòÑ  

  So, 

cR

N
dxdy Ndy....................(2)

x

¶
=

¶òò òÑ  

 From (1) and (2) 

  

C R

N M
Mdx Ndy dxdy

x y

æ ö¶ ¶ ÷ç+ = - ÷ç ÷ç ÷¶ ¶è ø
ò òò  

  ( )x y

R

N M dxdy= -òò  

 (e.g.) 
2 2 2 2

y xˆ ˆF i j
x y x y

= - +
+ +

    2 2 2h x y 1£ + £   

  Find 

C

F.drò
r r

      (i) 0 h 1< <   (ii) h = 0 

 SOLU. 
2 2

y
M

x y

-
=

+
  

  
2 2

x
N

x y
=

+
 

 Þ   F 0Ñ´ =
r

  

 Here 
2 2

y x 2 2

y x
M N

x y

-
= =

+
  

In this annulus region, origin is not included. So, M , N, My, Nx are all continuous. So, by applying green’s 

theorem 

C

N M
F.dr dxdy

x y

æ ö¶ ¶ ÷ç= - ÷ç ÷ç ÷¶ ¶è ø
ò òò

r r
 

 = 0 

 (ii)  If  h = 0 

Here the function will be discontinuous at (0,0) as origin is induded within the region. Hence Green’s theorem 

can’t be applied. So we assume an elementary circle C1 excluding (0,0). So, by applying Green’s theorem, 

 

1τ C

0+ =ò ò   

 

1 1τ C (clockwise) C (anticlockwise)

= - =ò ò ò  

 

1 1

2 2

C C

ydx xdy
Mdx Ndy

x y

- +
+ =

+ò ò  

 

2π

1

0

dtan (y / x)t-= ò  
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0
tan (tan )

p
-é ù= qê úë û

 



 

 

2
0( ) 2πp= q =  

..Surface Area and Surface Integral.. 
Let S be the curved surface and find the projection of curved surface in x-y plane but this projection is one-one 

and one with the curved surface then we can find integral along the surface which is called surface integral over s, 

surface integral has some physical importance in mechanism of membrane parashoot etc. 

Surface area of s is given by , 

 a

R

f
S dA

f.P

é ùÑ
ê ú=ê úÑê úë û

òò   

Where P is unit normal of R (projection) and fÑ is normal to surface s.t. f .P 0Ñ ¹   

 (e.g.) find the area of the surface cut from bottom of paraboloid x2 + y - z = 0 and z = y 

  S: x2 + y2 - z = 0 

  x2 + y2 = y (Projection) 

  z = y 

  A

f
S dA

f.P

Ñ
=

Ñòò  

 Þ   ˆ ˆˆ ˆf 2xi 2yj k                                           P = kÑ = + -   

  
2 2f 1 4(x y )Ñ = + +  

  f .P 1Ñ =  

  
2 2

AS 1 4(x y )dxdy= + +òò   

  

2 2π

2
A

0 0

S 1 4r rdrd= + qò ò  

  

2

2
A

0

S 2π r 1 4r dr= +ò  

  

17

A

1

2π
S t  dt

8
= ò  

  A

π
S (17 17 1)

6
= -  

 (e.g.) find the area of cap out by sphere x2 + y2  + z2 = 2, z 0³  by the cylinder x2+y2=1 

 SOLU. R: x2 +y2 =1 

  F: s: x2+y2+z2-2 

   ˆP k=   

  ˆˆ ˆf 2xi 2yj 2zkÑ = + +   

  
2 2 2f 2 x y zÑ = + +  

  f 2 2Ñ =  

  f P 2zÑ × =  

  
A 2 2

2 2 2
S dxdy dxdy

2z 2 x y
= =

- -
òò òò  

  

1 2π

2
0 0

rdrd
2

2 r

q
=

-
ò ò  



 

 

  

1 1

2
0 2

rdr dt
2 2π dr 2π

t2 r
= = -

-
ò ò  

  ( )2 2π 2 1= -  

 SURFACE INTEGRAL- 

Let S be the given surfaces such that F(x,y,z)=C and G (x,y,z) be continuous function in projection region r of S. 

then surface integral of G over F is given by  

f
S G(x,y,z)   dA

f P

Ñ
=

Ñ ×òò  

 Let 
f

d   dA
f P

Ñ
s =

Ñ ×
 

 

R

S Gd= sòò  

ORIENTABLE SURFACE OR TINO SIDE SURFACE- 

A surface S is called orientable surface if surface has two side or a surface is called Orientable if normal of one 

side is opposite of second side or whenever we will walk in the surface from one point and back to same point 

then direction of normal will be same. 

FLUX OF THE SURFACE OR SURFACE INTEGRAL- 

Let F
r

 be a continuous vector field and S is smooth orientable surface, n̂  n be unit normal to surface S then flux 

of surface is given by 

 

S

ˆI F nd= × sòò
r

 

If a surface S is a level surface such that f(x,y,z)=C 

[ ]
f

n̂                                                ve anticlockwise,    ve  clockwise
f

Ñ
= ± +  -  - -

Ñ
  

S

f f
I F dxdy

f f P

æ öÑ Ñ÷ç ÷ç= × ÷ç ÷÷ç Ñ Ñ ×è ø
òò

r
 

( )
S

dxdy
I F f

f P

é ù
ê ú= ×Ñê úÑ ×ê úë û

òò
r

 

 STROKE’S THEOREM 

We know that Green’s theorem is applicable only for plane region. Now, Stroke’s theorem will be applied in the 

space region. So this theorem is also called  as GENERATLISATION OF GREEN’S THEOREM. 

STATEMENT- let S be smooth  orientable surface & I is (+ve)ly oriented with respect to surface s then 

 ( )
τ S

ˆF.dr F .nd= Ñ´ sò òò
r rr

Ñ   

Þ   For n̂  apply right handed thumb 

 

f
n̂ Positively oriented (anticlockwise)

f

f
n̂ Negatively oriented (clockwise)

f

é ùÑ
ê ú= + Þ
ê úÑ
ê ú
ê úÑê ú= - Þê úÑê úë û

 

 PARITCULAR CASES- 

 1. if we take k̂ -  component of unit vector n̂(0,0,1) then  

 ( )
S τ

ˆF .kd FdrÑ´ s =òò ò
r r r

 



 

 

2. f(b) – f(a) =

b

a

f '(x)dxò   

3. ( )
C S

ˆF dr F kd         (Plane)× = Ñ´ × sò òò
r rr

Ñ  

4. ( )
S V

ˆF nd F dxdydz       (space)× s = Ñ ×òò òòò
r r

Ò  

5. ( )
C S

ˆF dr F nd        (space)× = Ñ´ × sò òò
r rr

Ñ  

Þ   For GREEN and STOKE’S boundary should be closed  

 But for GAUSS DIRVERGENCE, surface should be closed 

Þ  NOTE: 

1. If 2F C' F C             (F )Î Þ Ï = Ñf   

2. if 2C F C'            (F )f Ï Þ Ï = Ñf  

3. If any function 2G CÎ  then  

  
2 2G G

x y y x

¶ ¶
=

¶ ¶ ¶ ¶
  

4. If fxy fyx¹   

Þ   2f CÏ   

 Following statements are eqal- 

 Let f be continuous and curve C be piecewise smooth and surface S be a smooth curve. 

 i. F is conservative 

τ

F dr 0× =ò
r r

Ñ    

 ii. If f is conservative, 

B

π

W F dr= ×ò
r r

 is independent of path 

 iii. F = Ñf    

B

π

F dr (B) (A)
æ ö÷ç ÷ç × = f - f ÷ç ÷ç ÷çè ø
ò

r r
 

 If F C'Î  and S is open connected domain then F 0Ñ´ =
r

  

 (e.g.) ( ) ( )
C

cosxsin y xy dx sinx cosy dy- +ò   

     x2 +y2 = 1 

 x cos xsin y xyf = -    y sin xcosyf =  

 xy cosxcosy xf = -   yx cosxcosyf =  

   xy yxf ¹ f  

  Þ  2Cf Ï   

  Þ  F C'Ï  

  

C

F dr 0× =ò
r r

 through 2F 0 (as C )Ñ´ ¹ f Ï
r

  

1. If F
r

 is continuous, 

 F
r

 is conservative             FÛ = Ñf
r

  

  c     c  



 

 

 

τ
(Closedcurve)

F dr 0× =ò
r r

¬    F 0 DÑ´ = "
r

 

2. If F C'Î
r

 

 F
r

 is conservative             FÛ = Ñf
r

  

  c     c  

 

τ

F dr 0× =ò
r r

Ñ  Û    F 0 DÑ´ = "
r

 

DIVERGENCE THEOREM 
1. Surface should be closed. 

2. F C'Î
r

 

Statement- Let S be a closed surface of region V and F C'Î
r

then  

 

S V

ˆF nd ( F)dV
é ù
ê ú× s = Ñ ×ê ú
ê úë û
òò òòò

r r

Ò   

 n̂ is outward normal to S. 

This theorem is generalization of normal from of Green’s theorem 

 

C S

ˆF ndS ( F)dxdy× = Ñ ×ò òò
r r

Ñ  

Green’s Theorem- 
1. Normal Green’s Theorem 

 

C S

ˆF ndS ( F)dxdy× = Ñ ×ò òò
r r

Ñ  

 3 D(F C')- Î
¯   

 

S S

ˆF ndS ( F)dxdydz× = Ñ ×òò òòò
r r

Ò  

2. Tangential Green’s theorem 

 

C S

ˆF dr ( F) kd× = Ñ × × sò òò
r rr

Ñ  

 3 D-
¯   

 

S

ˆ( ×F) nd= Ñ × sòò
r

 

(e.g) Apply divergence theorem for, 

 ˆˆ ˆF xi yj zk= + +
r

  

 F 3Ñ × =
r

  

 

S

ˆF ndS ( F)dV= × = Ñ ×òò òòò
r r

 

 = 

V

3 dVò   

 = 23 πr h 3 π (1)´ = ´ ´  =3π   

How to Find Unit of Volume Integral – 

V f(x,y,z)dV= òòò   

V dV if f(x,y,z) 1= =òòò  



 

 

 Þ  For limit of z – 

 Take projection in X-Y plane and draw a time II to z-axis passing through typical point. 

 For limit of X 

 Take projection in Y-Z plane and draw a line II to X-axis passing through typical point. 

  

2 2

1 1

f (x) f (x,y)b

a f (x) f (x,y)

V f(x,y,z)dx dy dz= ò ò ò   

 (e.g) Find volume of intersection of 2 2z x 3y= +   and 2 2z 8 x y= - -   

   2 2 2 2x 3y 8 x y+ = - -  

   2 2x 2y 4+ =  

   

2

2

2 2

2 2

4 x

2

4 x

2

8 x y2

2 x 3y

V dx dy dz

-

-
-

- -

- +

= ò ò ò  

   ( )

2

2

4 x

2

2 2 2 2

4 x

2

2

2

V 8 x y x 3y dxdy

-

-
-

-

= - - - -ò ò  

   ( )

2

2

4 x

2

2 2

4 x

2

2

2

V 8 2x 4y dxdy

-

-
-

-

= - -ò ò  

  

 

 

 

  

 

   


