VECTOR CALCULUS

Field-
1. Scalar Field. f(x,y,z) =x’yz
2. Vector field. A =A1f+ A25+ Agf< Where Ay, Az, Az are scalar in terms of x, y and z

Differentiation of Vectors-
Let R(u) be a vector which depends on u and is the variation in u. so we will find the variation in R.
DR _ R(u+ Du)- R(u)

b
Du Du
It DR dR — 1 DR(u+ Du)- R(u)
Au® 0 Du du Au® 0 Du
SPACE CURUE

= X(u)i + y(w)j+ z(uw)k
dR &dxoi &dy_
du duo du@ édua

- This is the differentiation wrt u if u is the function of ‘t” then du/dt represents the velocity of the particle

on the curve
2

- % represents acceleration of the particle

CONTINUITY OF THE SCALAR

Let 'f (u)' be the scalar function which is continuous at u.

If,
Lty e of (u+ Du)= f(u)
i.e. "1>0and d> 0 such that
|f (u+ Du)- f(u)|<i whenever
|u—Du|< d

Then phi is said to be continuous at u=0

PARTIAL DERIVATIVE OF THE SCALAR

Let A = A(x,y,z) be the scalar field then
A _ A(x+ h,y,z)- A(x,y,z)
<o = Lo
x h
A _ A(x,y+ K,z)- A(x,y,2)
<. LtK®O
Ty K
and
A _ A(x,y,z+ 1)- A(x,y,z)
o Lt1®0
9z 1

I ~ N A
- If A= Aji+ A,j+ Ak where A;, A2, As are continuous scalar fields then we can apply the same

I
formulas for A
PROPERTIES

(1) —(a+
2 —(ax{.))= ——b+ ax—

r
r r
@ L@ b= bea D



@ L a-dhepd
du du du

Similar properties are followed by partial derivatives (including higher order partial derivatives)

2 2
Note:- It = it if f is continuous

xTy  9yix
Examples
(i) F= (Sint)i+ (Cost)} + tk , find
1 r
. dr - dPr . |dr o |d’r
i) — i) — iii) |— iv) |—
()dt ()dtz ()dt ()dtz
SOLU.-
dr . A
—=(cost)i- (sint)j+ k
i (cost)i- (sint)j
d*r 5 s on
——= (- sint)i- (cost)j+ Ok
pEn ( )i- (cost)j
dr
—l=1+1=2
dt
d&r|
dt?
2. A particle moves along a curve whose parametric equations are x=e, y = 2cos3t, z=2sin3t, find (i)
velocity (ii) acceleration at any time t
SOLU. = xifly} £ zk
F= (e )i+ (2Cos3t)] + (2sin3t)k
%= velocity = - e 'i- 6sin3tj+ 6Cos3tk
d’r 5 . )
Fz - e 'i- 18Cos3tj- 18Sin3tk
3. Find magnitude of velocity and acceleration in (2) at t=0
)= - i- 0j+ 6k
P [v=1+36=437
216 .
&dgfgg =a=1i- 18]
dt"g_,
la]= y1+ 187 = /325
I A A~ A
4, A= 5t%i- tj- t°k
B= (Sintﬁ- (Cos t)j, find
drr darr
—(AB), —(A" B
dt( ) Olt( )
SOLN.

[ | N
A>B= 5t*Sint+ tCostj
And



SOLU.

ror
A" B=|5t" -t -t
Sint - Cost 0
= i(- £*Cost)- j(t*Sint)+ k(tSint- 5t*>Cost)
rr
p %[AXB): 10tsint+ 5t*cost- tsint+ cost

= 9tsint+ 5t” cost+ cost
d f.r 2rap2 3 Trag2 3 B 2
b a(A' B)= - i(3t"Cost+ t’Sint)- j(3t"Sint+ t”>Cost)+ k(tcost+ Sint- 10tCost+ 5t°Sint)
= i(t*Sint- 3t%Cost)- j(t’Cost+ 3t?Sint)+ k(5t>Sint- 9tCost+ Sint)
| ~ A N
A= (Sinu)i+ (Cosu)j+ uk
I A~ N A
B= (cosu)i- (sinu)j- 3k
I ~ A A
C=2i+3j- k

r
Find iA (B C) at u=0
du
i j k
rr
B C=|Cosu - Sinu - 3
2 3 -1

= i(9+ Sinu)- 3(6— Cosu)+ 1A<(3Cos+ 2Sinu)
i i k
r rr
A" B” C=|Sinu Cosu u
9+ sinu Cosu- 6 3Cosu+ 2Sinu

= f(3Coszu+ Sin*u- uCosu+ 6u)- j(3SinuCosu+ 2Sin’*u- uSinu- 9u)+ k(- 9Cosu- 6Sinu)

r A
diA (B C) 1(- 3Sin2u+ 2Cos2u- Cosu+ uSinu+ 6)+ k((9Sinu- 6Cosu)
u
- j(3Cos?u- 3sin®u- 2Sin2u- Sinu- uCosu- 9)
Atu=0
dr rr . a n
L (A" (B C))="7i+6]- 6k
du
tZ 3
6 X= 4t- E, y=3+6t- — att=2
Find dr
dt
SOLU. r=xi+yj
r 26
ar_ - i+ ifo- L
dt 2%
adr



OPERATOR

N= ﬂ—i-]ﬂ—l-f(l OR ﬂ+]ﬂ+f<l
'HX Ty 9z ﬂx Ty 9=z

Operator-

1. Gradient (Scalar ® Vector)

2. Divergence (Vector ® Scalar)

3. Curl (Vector® Vector)

b Rotation of the Axis —

p Translation of the Axis —

b Rotation and Translation —

INVARIANCE-
No change in the quantity under rotation or translation is called invariance
Let T be the temperature at point P(X,y,z) in frame of reference xyz and T’ be temperature at P(x’, y’, z’)in frame
of reference x’ y’ 2’
T(xy2)=Tx.y.z)
X’ =luX+mpy+niaz
y =laX+lpy+nsz
Z=laa X+ M2y + N3z

Note:

1. Gradient, divergence and curve is invariant under rotation, translation and rotation with translation
2. Laplacian operator is also invariant under rotation, translation and rotation with translation.
GRADIENT

Let f be the differentiable scalar function then grad is defined as,
Nf = ﬂ ﬂf k'ﬂf

ﬂX ‘Hy 9z
(eg)  find gradient of f = xy®z’ at (1, 2, -1).
SOLU. Nf = i(y*2%)+ j(2xyz*)+ k(3xy?z?)

(N = (4. D)+ 4+ k3.4
=- 4i- 4j+ 12k
DIRECTIONAL DERIVATIVE OF f ALONG a-
Let a be aunitvectorand f be any differentiable scalar field then directional derivative of f along a is defined
- [Nf>a=aNf]
Gradient is Normal to Level Surface (Physical Significance of N )

uu uuil uu

PQ= 0Q- OP = qxi+ (y)+ 9 zk

As  Q®P, 1%, 9y,9z® 0

b dx, 8y, 6z ® dx, dy,dz

dr= dxi+ dyj+ dzk

b Nfxdr

X N N N
—éiﬁ ﬂerkﬂf g (dxi+ dyj+ dzk)
Ix ﬂy 125

LIPS L
Ix Ty 'HZ



= df (\ f(x,y,2)=c)

=0
b It proves that tangent at level surface is perpendicular Nf
(eg) f(x,y,z)=3x’y- y’z*,findgrad f at (1,2,-1)

SOLU.
Nf = i(6xy)+ j(3x%- 3y*2*)+ k(- 2y°z%)
), , ,=- 121+ j(3- 12)+ k(- 16)
=- 12i- 9j- 16k
(eg) f = log|r| find Nf
MR |
SOLU. Nf =1 i—(logr
1]X( gr)
i ighﬁ%——i igli%
r xo r x9¢
Iix _ r
2 r?
(eg) find NS
r
SOLU.
SRl Y ey i%xﬁﬁ
Ixero gr- ry
T
=
(eg) find Nr"
SOLU. i ignr“'lzoi = nr"'znr*
ro
(e0) let R be the distance from the fixed point A(a,b,c) to any point P(x,y,z) find grad R
SOLU. R=(x- a)’+ (y- b)Y+ (z- )
o (x- a)i N (y- b)j A (z- ok
Jix- aY + (y- b+ (z- ) y(x- af+ (y- b+ (z- ) y(x- al'+(y- b)'+ (z- c)’
Nr= R
R

MAXIMUM DIRECTIONAL DERVIATIVE-

Maximum directional derivative from point P(x,y,z) is modulus of grad at (z,y,z)

= K u
p M.D.D ng)WE
(eg)  find directional derivatives of f = x?yz+ yxz? at (1,-2,-1) in the direction of 2i- ] 2k
SOLU. Nf = i(2xyz+ 42°)+ j(x*2)+ k(x’y + 8xz)

(Nf), = 8i- j- 10k
L 2i-5-2k 0 2i- - 2k
QA= —— = R —

NA+ 1+ 4 3



%Nf)Pxé = M = 37/33

g 3 H
e In what direction from P(2,1,-1) is the directional derivative of f = x*yz® is maximum?
(e9) y
SOLU. DD is maximum in direction of Nf

Nf = i(2xyz®)+ j(x*2*)+ k(3x’yz*)

(Nf),=- 4i- 4j+ 12k

(NF),|= Vi6+ 16+ 144

144+ 32 = V176
ANGLE B/W TWO SURFACES -
cosqe T (NEL),

SE 0N,

(eg)  find the angle b/w the surfacesx® + y*+ z°= 9 and z= x*+ y*- 3 at (2,-1,2)
SOLU. Let =X+ y*+7°- 9and,

fZ

p (Nf,)=i(2x)+ j2y)+ k(22)

=-z+x*+y’- 3

(Nf,), = 4i- 2j+ 4k

(£ ,),|= 16+ 4+ 1= 21
p (Nf,)= i(2x)+ j2y)- k

(Nf,), = 4i- 2j- k

(Nf,),|= 16+ 4+ 1= 21

16+ 4- 4 16 8

6:21 6~ 321

q= Cos"’ gi
3421
Equation for Tangent Plane at Given Sore -
[(r- r,)N= 0]
Or
gr- ,)Nf =0}
DIVERGENCE -

Source Sink Incompressible/Solnoidal
(N>u> 0) (N>u<0) (N>u=0)

b cosqg=

QH-I-lo

. . . r 2 2 ~ . . .
Let v be the differentiable vector field st. v=v,i+ v,j+ v,k where vi, v, vsare differentiable scalar fields.

S JI_& S I P S
W= §1—+ j—+ k—3(v,i+ v,j+ v.k)
Ix My 9zo
_Iv + v, + v,

Ix 9y 9z
I ~ a ~ 1
(eg) A= x’zi- 2y°’Z’j+ xy°zk find div. A at (1,-1,1)




SOLU. N*A= 2xz- 6y’z’ + xy’
\ xfr\ =2-6+1
(1-11)
=-3
Properties of Gradient-
(1) N(F+ G)= NF+ NG
Proof N(F+ G)

e

&q 9 :969
=G4 =
El.”XJr ]ﬂy+ ﬂz:_;a‘(F+ Q)

;1 F+G i F+G kL F+G
lﬂx( ) ]ﬂy( ) ﬂz( )

& F 9GO -®F 9GO, ~&F 9GO

= 1§—+ — = jE—+ —t g—+ —

x 9x5 &y 9ys &9z 9zo
_§E+jﬂ+f<ﬂ%ﬁ°ﬂm 4G, 968

e —tj -tk —3
Ix My 9ze & 9Ix Yy  9ze
= NF+ NG
(2) N(FG)= FNG+ GNF
Proof. N(FG)

TIm-N 7%
=fi——+ j——+ k-3
STURCTRRF
_29 ol ~ q
= i ——(FG)+ j——(FG)+ k——(FG
lﬂx( ) J‘Hy( ) ﬂZ( )
= i?EGJr FIG2, }gﬁEJr ChLEN ﬁg{;EJr pl1GS
1x Ixo & Iy  Yyo Gz  9§zo
SBIE IR, (IR, g 1C, 1C, 1G0
Ix 9y 9zo Ix Yy 9zo
= FNG+ GNF
Laplacian Operator-
N?= r.r,r
= Ty 17
szzﬂzfﬂLﬂzijﬂzf
= 9y 9z
=§i—+jl+ fqi%agi£+jﬁ+ ﬁﬁ%
Ix 9y 9zt Ix Yy  9zo

= NN f
Laplacian Equation —
N*f=0 f is called harmonic
(e9) N
ro



SOLU. N2 RN e
ro ro
. . I
. &o . & 1 X0 r
Ng—=1 g = =
ro 6r’ ro
. o.®@6 . ¢ 3rxV
RoNE=- 1185 Sy
ro gr r* r¥
3 2
= - _3+ 3F_:0
r r

Properties-
1) div(/lk + ]l3) = divjlk + div]l3
@  div(fA)= (Nf)A+ (NF)B
Proof-
(1) d1v(A+ B) N>{A+ B)
LetA A1+A2]+AkandB B1+B2]+Bk
A+ B= (A, +B,)i+ (A, + B,)}+ (A, + B,)k
LN\ I R S
N{A+B A, +B))i+ (A,+ B,)j+ (A, + B, )k
{ )g.ﬂx ﬂy,ﬂa{( i+ (A, + B,)j+ (A, + Bk}

i, +B)U+§T—(A+B)§+§T

(A, +B)u

_JA,, 914, , 14,8 HB, 1B, 1B,¢
§ ﬂy ﬂz o Eﬂx iy 9Yzo
ke . . d
g :>{A1+ A2]+Ak)+§ﬂl 1, kg{Bli+ B,j+ B,k
1 ﬂy 925
- KA+ N8
(2 Similar Proof
Physical significance of Divergence-
Let P represents the position of a particle during its venation in a field with velocity let
v=v,i+v,j+ v,k where v; is velocity in the direction of x-axis and v2 and vz represents velocities of
particle in direction y and z axes respectively.

p Now, component of velocity at centre about phase ABCD
& 19v,
=G&v dz
@ 12 e %dy
b Volume in the x-direction about EFGH
= g ¥ —ﬂ—ldx—dyd
b So, total gain per unit time per unit volume is given by
, ® &
2 ﬂx 6 29x &
= Mﬁxdydz

x



p similarly gain along y and z axes are %dedydz and %ﬁxdydz
y Z
p So, total gain per nit time per unit volume will be,
éq[v ﬂvz_i_ ﬂv?’—dXdde
@ﬂx 9y 9z 9%
b So, total gain per unit time will be,
v, , Iv,, vy
% Yy 9z
(At the cube shrinks to point P. So, dx,dy,dz® 0
v, , 1v,, 1v

I My 9z
=N
Note:
1. N xv> 0 , point P works as a source. The fluid flows outside the fluid is EXPANDIBLE. In this case,
density decreases at P.
2. If Nxv<0, point P works as a sink. The fluid is COMPRESSIBLE. (density increases at P).
3. If Nov= 0, P works neither as source nor as sink. This equation is called CONTINUITY EQUATION
OF INCOMPRESSIBLE FLUID. And such v is called solenoidal vector.
CURL
Let v be the differentiable vector field then curl v is defined as
i i k
T
Nowv=19/9x /9y 9/9z
v, v, 'S
r N n ~
Where v=v, i+ v,j+ v,k
b NOTE:
Vx¥ =0
0
PROOF: Vx F =N’ gﬂf+]1£+ ﬂ —
Ty 9ze
i i k

=1/9x 1My 1Mz
Tx /9% 9f/9x
&:ﬂzf 1°f ?Eﬂzf 1°f O A?Eﬂzf 1 O
B LIRS R EOREE I TR
=0
If for any vector field i3 curl i3= 0 then we will always find a scalar field f such that
i3=Nf and such f is called SCALAR POTENTIAL.
PHYSICAL SINGNIFICANCE OF CURL -

At point P, we find the curl i?
1. Curl F=0- No rotation at point P such a field is called IRROTATIONAL FIELD.




2. Curl i’“ 0 - At point P, the liquid rotates. If in any magnetic field i?inside the capacitor, curl i?: 0 and

1
outside the capacitor curl F' 0 the current density increases and current works as d.c.
PROPERTIES

I I I

1. Curl Curl (A+ B)= Curl A + CurlB
I

LHS. =N’ (A+B)

I I .
1l avp - ii?—A+Eg
fx I 9x3
=1i ﬂA+i 1B
Ix Ix
=N’ A+ N’ B= RHS
2 Nx(N" v)=0
Let v= v i+ v,j+ v,k
i ik
S
N v=q/1x 1/1y 1/9z
\A v, A
_ggﬂ 11_% g’ﬂ ﬂvgl;é’ﬂ v,
Iy 9z#% §9x 9y 5

fo Dy LEIVs 1v,8 1 8ve v, 18v, fv8
%€y  9z5 ﬂyéﬂx 125 Y289x Yy o
= ﬂzv's _ ﬂzvz + ﬂ2V3 _ ﬂ \£1 + ﬂ v, _ ﬂzv1
Ixfy Ix9z TyIx Tyiz IxJz 99z
=0
3. No& b)= (N’ )b- (N bya
DIRECTIONAL DERIVATIVE OF A SCAALAR FUNCTION :

Along any line whose de’s are I, m, n
Let f be the differentiable scalar function then directional derivatives is given by,

ﬂ_ LthR)OMeXiSt
dr PQ
f(xy'z"Y)- f(xy,z
-, OOy Toyn) 1)

r
Equation of line PQ is given by,
X-xXx_y-y_z-z

=T

1 m n
b X’ =x+1Ir, y=y+mr, z =z+nr
+ + + nr)-

b ﬂ: Lt , f(x+ Ir,y+ mr,z+ nr)- f(x,y,z)

dr r

Using Taylor’s expansion,

f(x,y,z)+ lrﬁ+ mr£+ nrﬁ- f(x,y,2)
daf Ix y z
Lt r® 0
dr r

l£+ mﬁ+ nﬂ

=Lt
T x  qy 9z



NOTE:

E]-{- £m+ ﬂn
I Ty Iz
= Nf i+ mj+ nk)
Nf »(ai+ bj+ ck)

= (a,b,c,d are dr's)
Jal+b*+ ¢

= Nf Queeeeessssrsrrenen (2)
D.D along x-axis- We know that dc’s x-axis are so from (2)
f D.D= ﬁ

Ix
D.D along y-axis- i It and along z-axis is It

Ty 9z

Snow that the maximum directional derivatives of f (i.e) the maxi. rate of change of f ) along the
direction of Nf .

Let n be a unit vector normal to surface f . We know that Nf is also normal to the surface so n will be
parallel to Nf

|ﬁ|cosq

_ |df
3 ‘d_n
df
dn
This quantity will be maxi. when cos g is maximum (i.e.q= 0 ). Hence, maximum directional derivative
is along Nf and its value is [Nf|.

Nf is invariant under rotation of rectangular axes.

We know that ,

r= )i ()i (RR)R!

i,],l% are unit vectors wrt. X’, y’, z’ axes respectively after rotation

Letf be the scalar field and 1]k are unit vectors along x,y,z axis respectively so, we have

Nf = i£+}£+ AL (1)
Ix Ty 9z
Rotate the axes about O and we find another frame of reference x’, y’, z’ and let 1°, j°, k” are unit vectors
along x’, y’ and z’ respectively.
So D.D along x’ is given by =1'.Nf
DD alongy'is= j'Nf

DD alongz' is= k'.Nf



So grad’ f=1'(I'Nf)+ j'(j' Nf)+ k'(k'Nf)

_AQaﬂﬂf ﬂf+k'ﬂf O LIRS LS R ST 0% LIRS LS L
j i—+ j—+ k—3k i—+j—+k-—3
L g et %

el Ty 1z Ix My 9z
. f
=i {1'(1' DTG ek
_i IE
x
_FIE, 1E, pArE
Pax Ny 97h
- Nf

LINE INTEGRAL
ds* = dx*+ dy”*
In 3-D,
ds® = dx* + dy* + dz’

ds= \Jdx* + dy? + dz’

gt Edts Edeo  Eded 3 v(t) is velocity of particle
S = vy 4
edt ]
LINE INTEGRAL
1. over the function
2. over the vector field.
p Let f(x,y,z) be a continuous function and ¢ be any smooth curve. Let a particle moves along the curve

from A’ to B’ then find work done by the particle over the function on the curve c. Let curve c be divided
in n-sub arcs and let one sub-arc isN'si long.

S, =4 f(xy,z)Nsi (as n® ¥ ,Nsi® 0)

i=1

Let o,y S, = Of(xy,z)ds

If ¢ be any closed curve then 1= &F(x,y,z)ds is called CIRCULATION of the function over curve c.

ds
= ANf(x,y,2)—.dt
?( y )dt

b I= 0 f(x,y,z) |V(t)| 6 | SO (2)
b If r=g(t)i+ k(t)j+ h(t)k

1= fg(t),k(t),h(t)] |v(t) dt



p If r=xi+ y}+ zk

= O f(x(t)y(t)z(t))  |v(t) dt

(e.9) I=¢(x+ylds, c is straight line segment x = t, y = 1-t, z = 0 from (0,1,0) to (1,0,0)
SOLU. r= xi+ yj+ zk
r=ti+ (1- )]
a_;
" J
I
dr
t)=|—I=
[v(t) ‘ | V2

1
b Olx+y)ds = Jt+1- )2 dt = V2
C

C

(e.9) (- y+z- z)ds where cisastraight linex =t,y = 1-t,z=1from (0,1,1) to (1,0,1)

SOLU. 1= ti+ (- 0j+k

dr _» »
—=1i-j v(t)= 2
R IO
1
b Ox-y+z-2z)ds = §(t- 1+t+1- 2}2dt
c 0

1
= §(2t- 22 dt
C

52 l‘.} .

-2 = zﬁgl- 12

&2 1 2 5
=2

(e.9) (O (xy+y+ z)ds along the curve
C

r=2ti+ tj+ (2- 2t)k fromt=0to 1.

soLu. 4= 2i+3- 2k
dt
v(t)= 4+ 4+1=3
1

Olxy+y+z)ds = 2P+ t+2- 2t)(¥3)dt
c 0
1

= 32t - t+2)dt

0



(e.9)

SOLU.

(e.9.)

SOLU.

Line

b

Qe t? U
= 36—- —+2tu
RN

1.0 @ 3u
= 3¢- —+23¢+-1=13/2
2 8 2d

TP

2
find the integration over f(x,y)=x/y where c: y = X? and x lies b/w o to 2

ds
O f(x,y)ds 0O f[x,y)& dx
C C

ds afdyg2
—= |1+ &—= =Xx?/2
dx dxo ¥ )
=1+ x°
% x
So, O f(x,y)ds = o—V1+ x*dx
c 0 y
2 5.3
= ¢ 212 1+ x*dx
X

o

2
= O2xy1+ x2dx
0

- 265 1)

F(x,y)= x*- y c: x>+ y*>= 4 in 1% quad. From (0,2) to (v/2,+/2)
X = 2¢0s6 y = 2sin@

ds_
dt
/4
= (4cos’g- 2sing)2dq
/2
/4 /4
= 2 2(1+ cos2q)dg- 4 () sinqgdq
/2 /2
=- (- 21+ 2))
=21+ 2)- =
Integration over the Vector Field-
r
W= F.Tds
C
rr
W= §Fdr

C
1
If r be any general vector

r= g(t)i+ h(t)} + w(t)k
aL tLb
dr= g'(Oi+ h'(t)]+ w'(t)k



by . . .
b w= o F{g (0i+ h'(0)j+ w'(t)k pdt

¢ by g
W= O FAMg (0 Nh'(0)+ L' ()bt 1)
€ a 8
p If r be any position vector, ;z Xi + yj+ 7k
dr = (dx)i + (dy)j + (dz)k
& . N r . u
%N: O F.dr= ¢ Mdx+ Ndy + Ldz)g .................... (2)
e c c
b If T be any general vector 1= g(x)i+ h(x)] + wk

dr= (dg)i+ (dh)j+ (dw)k

r
b QFdr=Mdg+Ndh+ Ldw
C

b If d is any closed curve then work done is called circulation
W= §Fard

(e.g) Let F= x4+ y?zj+ z°k be the vector field. Find work done along the curve x = cost, y = ysint.
O£ tE£ /2 z=t

SOLU. {‘= costi+ sint}+ tk
dlr'= - sinti+ cost}+ k

2

r o P/

Fdr= ¢ (- cos’tsint+ sin®tcost+ t*)dt
0

- O

Path Independent

Any work done from A to B does not depend on the path followed and depends only A and B, such work
done is called path independent and such field is called CONSERVATIVE FIELD.

r 1
Theorem- If w= o F.d? is path independent iff F= Nf (such f is called scalar potential)

C

Proof- Let F= gradf
Now, we will prove that is path independent i.e. we will show that the integral depends only on initial and

final points.

Br , B _ [ B

O Fdr= gNfxdr= §df
A A A
=f(B)- f(A)

Hence, it is path independent CONVERSELY,
I r. .
Let W= ¢y F>dr is path independent

C
oy
Let f(x,y,z)= ¢ PFdr
(xy.2)



We know that
Nf.dr= df
Nf yﬁ: ﬁ .................... (2)
ds ds

From (1) and (2)

r y 1
B

r. 0
(F- Nf)x—=20 — ! (,tangent along asz
ds [%]

THEOREM(2)-
~ | ~1
Let D is closed connected domain then N.d; is path independent iff N.d; =0

C C

~ 1 ~
Proof: Let W= N.d¥ is path independent i.e. N.d; depends only on A and B and not on path followed i.e.

C C
f (scalar potential) such that

F=Nf
~U T~ r
b W= NF.dr= NNf.dr
C C

df

>0 =

=f(A)- f(A)=0
Conversely,

C

Which proves that work done is independent of path followed.



THEOREM (3):

I 1
o F.d; is path independent for any ¢ (either closed or open) iff curl F= 0
C

Lo
Proof: if W= ¢ F.dris path independent, and f st.

F=Nf
b N’ F=N’ (Nf)=0
Conversely,
If N F=0and fst
F=Nf
So by theorlem 1)

0 F.d1r~ is path independent

C

Exact Differential form:-
I A A A~
Let F= M(x,y,z)i+ N(x,y,z)j+ P(x,y,z)k be differentialable vector field. It is called differential
(Mdx+Ndy+Pdz) form if s.t.
e ﬂfdx_l_ ﬂfdy+ qfdz

x Ty 9z
A \
= dfY
b %‘ dfg
p If F has exact differential equation then

y I N 1
gl’ F= OE and such F is called conservative field.

Green Theorem on the Plane

I r . . . T . ]
Let ¢ F.dr is not path independent i.e. F is not associated by conservative field then green’s theorem goes from
C
line integral to double integral.
Mathematical Condition:

I S A
1. CONTINUTIY OF Mand N (F= Mi+ Nj)-
M(x,y)= M and N= N(x,y)

M ,N and their first order partial derivatives (i.e. My, My, Ny, Ny) are all continuous
2. Condition on C — C is simple closed curve piecewise smooth.
k- Component of Curl ii‘ -
Let F= Mi+ Nj
S U
N F=&/x 1My 1/1z

¥oooN 0y

A

O

Il
>
i
Z
—.
=



Outward Flux of B-

I
W= 3F(k' A)ds
C
I
W= 3 (F" k)nds= 3Bnds
C C

C

OBnds= ¢Mdy- Ndx
C
n

Outward flux of B
GREEN’S THEOREM

1. Out ward Flux of i?

~1 B
OF nds = N\/Idy- Ndx
C

= ()(‘)afﬂ ﬂl\/I—dxdy
L&y Yxo
L
= 0 (N F)dxdy
R

2. Circulation of i?
6]de+ Ndy

&

_ o N Mo

X T
= 00 (N i?)xl% dxdy

R

Proof:- always used for anticlockwise direction...
b Y fz(x)asﬂM 5
=0 0 fy, dyidx
a  y=f(x) 0

My dx

{M(x,f,)- M(x,f,)Jdx

b
M(x,f,) + o M(x,f,)dx
a

» Qo » QO o

b
M(x,f,) - O M(x,f) dx

cQs» » Q4



U

¢ ,
= - & Mdx+ ¢ Mdxy
&, G H
- B
- M O
So, dx="- A¢ %*dy Keurmeersseeesmsssaenes (D)
?JM &y aﬁ
2 ﬂN = -
S0, OO 7 dxdy = PNAY.owerrrrerrrnn (2)
R T[X c

From (1) and (2)

N MO
A Mdx+ Ndy = ¢ - —xxdy
0 O™ 1y
= 39 (N, - M, dxdy
R
Y s X s
(e.9.) F—-X2+y21+ 1y h?€ x>+ y*£ 1
I
Find o F.dr (i) 0<h<1 (i)h=0
C
SOLU. M= —Y—
X+y
X
N=
X2+y2
b N’ F=0
y2_ XZ
HereMy:NX: —
X +y

In this annulus region, origin is not included. So, M, N, My, Nx are all continuous. So, by applying green’s

theorem

e N MO

A F.dr= A¢ - —dxd
OFAr= 00y~ 4y 3™

(i) If h=0
Here the function will be discontinuous at (0,0) as origin is induded within the region. Hence Green’s theorem

can’t be applied. So we assume an elementary circle C1 excluding (0,0). So, by applying Green’s theorem,

\ \ P
+ =
0O *to =0
T Cy
\ = - Y = \
Q) Q) (0)
T Cq (clockwise) C; (anticlockwise)

- ydx+ xdy
Ay Mdx+ Ndy=  ————
QU

2mn

= §dtan '(y /x)t
0

= gan' '(tan q)gp



= (q)F = 2m

..Surface Area and Surface Integral..
Let S be the curved surface and find the projection of curved surface in x-y plane but this projection is one-one
and one with the curved surface then we can find integral along the surface which is called surface integral over s,
surface integral has some physical importance in mechanism of membrane parashoot etc.
Surface area of s is given by :
. INF

§a rndal

§ |Nf P g
Where P is unit normal of R (projection) and Nf is normal to surface s.t. Nf.P! 0
(e.g.) find the area of the surface cut from bottom of paraboloid x?+y-z=0andz=y

S:x2+y?-z2=0

x? +y2 =y (Projection)

z=y

S -_— 1\ |Nf| A
2= 00 ixrp[

b Nf=2xi+ 2yj- k P

INfl= 1+ 4(x* + y*)

INf.P|=
= 0) V1+ 4(x* + y*)dxdy

2
A= 0 6 1+ 4r*rdrdq
0 0
2

S, = 2myry1+ 4r’dr

0

——Ofdt

1
>

S, = g(17\/ﬁ- 1)

(e.g.) find the area of cap out by sphere x?+y? + z2= 2, z*> 0 by the cylinder x>+y?=1
SOLU. R: x? +y? =1
F:s: x3+y?+z2-2

P=k
Nf=2xi+ 2yj+ 2zk

INf|= 2yx* + y?+ 2°

INf|=2v2
INf>P|= 2z
S,= b(‘)idxdy— bc‘)idxdy

2_ XZ_ y2

_\/70 . rdrdq
0

O\/Z r



rdr Lt
= 2\/7110 - \/En(‘)—
o V2- 1° 2 \/E

= zﬁn(ﬁ - 1)

SURFACE INTEGRAL-
Let S be the given surfaces such that F(x,y,z)=C and G (x,y,z) be continuous function in projection region r of S.
then surface integral of G over F is given by

[N
= 00 G(x,y,2) = dA

INE>P|
Let ds = ~|N—f| dA
INE>P|
= 6(‘) Gds

ORIENTABLE SURFACE OR TINO SIDE SURFACE-

A surface S is called orientable surface if surface has two side or a surface is called Orientable if normal of one
side is opposite of second side or whenever we will walk in the surface from one point and back to same point
then direction of normal will be same.

FLUX OF THE SURFACE OR SURFACE INTEGRAL-

Let i? be a continuous vector field and S is smooth orientable surface, n n be unit normal to surface S then flux
of surface is giV(len by

I= 30 Fxnds
If a surface S is a level surface such that f(x,y,z)=C
. Nf

+

n= M [+Ve— anticlockwise, - ve- clockwise]

Nf Q
= 00 g X dxdy
INFlGINE 2]

é_ . dxdy
= OSO(FXNf)|NfXP|E
STROKE’S THEOREM

We know that Green’s theorem is applicable only for plane region. Now, Stroke’s theorem will be applied in the
space region. So this theorem is also called as GENERATLISATION OF GREEN’S THEOREM.
STATEM ENT let S be smooth orientable surface & | is (+ve)ly oriented with respect to surface s then

Ndr— AC (N F).nds

b For n apply right handed thumb

%1— + N—fIJ Positively oriented (ant1clockw1se)

¢ |Nf| Y

¢ U

& Nf _ _ _ U

giI - —— b Negatively oriented (clockwise) Y

5 [N g
PARITCULAR CASES-
1. if we take k- component of unit vector n(0,0,1)then

00 (N F)kds = § Fr
S T



b
2. f(b)—f(a) = f'(x)dx

~ - I ~
3. OFdr= o (N F)kds  (Plane)
C S
S L
4, &Y Fads = 030 (N XF)dxdydz (space)
Sr
5. J¥dr= (N F)fids  (space)
C S

b For GREEN and STOKE’S boundary should be closed
But for GAUSS DIRVERGENCE, surface should be closed

b NOTE:
1. If FI C'P FI C? (F= Nf)
2. if f1C*p FI C' (F=Nf)
3. If any function GI C? then

T6 _ 76

Ty yix
4, If fxy! fyx

b fi

Following statements are eqal-
Let f be continuous and curve C be piecewise smooth and surface S be a smooth curve.

. . o &

I. F is conservative Q\F>dr= 0

. . . 5r il

ii. If fis conservative, W= ¢ F>dr is independent of path

s

- oy &
ii.  F=Nf E(‘) Fxdr=f(B)- f(A):
o ]

~ 1
If FI C' and S is open connected domain then N” F= 0

(e.9) (cosxsiny- xy)dx+ (sinx cosy)dy

©

X2 +y?=1
f, = cosxsiny- xy f, = sinxcosy
f, = cosxcosy- x f,. = cosxcosy
o' o
b fic
b FI C'

| ! .
o Fxdr=0 through N” F' 0 (asfi C?)
C

1. If F is continuous,
1 A
F is conservative U F
c c

Il
22
iy



I r 1
Fxdr=0 — " F=0"D

0 N

(Crlosedcurve)
2. If Fi '

F is conservative U F=Nf

c c
JFdr=0 ©J N F=0"D
T
DIVERGENCE THEOREM

1. Surface should be closed.

2. Fic

Statement- Let S be a closed surface of region V and FI C'then
g‘ r A OB W2 N r g
g@ Fxnds = 090 [N ><F)dvg

n is outward normal to S.
This theorem is generalization of normal from of Green’s theorem

~1 L
ONFdS= Q) (N¥F)dxdy
C S

Green’s Theorem-
1. Normal Green’s Theorem

~1 o1
ONFndS= ) (NF)dxdy
C S

3- D(Fi C)
LI -
&Y FndS= 5o0 (N >F)dxdydz
S s
2. Tangential Green’s theorem
~l I
BFdr = 8 (N F)kds
C S
3-D
~ I A
= 00 (NxF)>nds
s
(e.g)  Apply divergence theorem for,
I ~ a A

=3 mr‘th=3" n’ (1) =3n
How to Find Unit of Volume Integral —
V=000 f(x,y,2)dV

= 000 dViff(x,y,z)=1



P For limitof z—
Take projection in X-Y plane and draw a time Il to z-axis passing through typical point.
For limit of X
Take projection in Y-Z plane and draw a line Il to X-axis passing through typical point.
p £ £y
V=93 o0 O fxy,z)dxdydz
a £ f(xy)

(e.g)  Find volume of intersection of z= x*+ 3y* and z= 8- x*- y*

2

x*+3y°=8- x*- y
x*+2y°=4

2
V=9 0 O dxdydz
4

- X X2+ 3y2




